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Linear  theory of surface  waves in a magnetizable liquid is examined. A stabili ty cr i ter ion 
for a p lane-f ree  surface of a magnetizable liquid is studied for an a rb i t r a ry  magnetization 
law. 

The theory of surface  waves in its c lassical  formulation [1] leads to nonstandard, p r imar i ly  nonlinear 
problems.  Linearizat ion of these problems is usually associa ted  with studies of the stabili ty of f ree  fluid 
su r faces .  Interest  has a r i sen  recent ly  in this question because of the application of fluids that can be sub- 
stantially magnetized o r  polar ized in an e lectromagnet ic  field [2-5]. 

In this ar t ic le ,  potential wave motions on the surface  of an incompressible  fluid which may be non- 
homogeneously and isotropical ly magnetized in an applied magnetic field, are  considered.  We will also 
assume that this fluid is inviscid and does not conduct a cur ren t  while its t empera ture  remains  invariant.  
so that the magnetization function of the medium M can be written in the form 

M = M ( p ,  H) = ( I t / H )  M(p ,H)  

Suppose the magnetized fluid in the undisturbed state occupies a hal f -space y < 0 while a medium is 
found in the region y > 0 whose density and magnet iza t ionmaybe  set equal to 0. 

The initial system of equations for describing surface waves consists in eddyless motion equations 
of an incompress ib le ,  nonconducting magnetized liquid [6] 

ov (p+r ~ )  M 
r o t v = 0 ,  d i v v = 0 ,  -bY + V  P + = g +  [~H 

rotH ----0, dte H = - - 4 z ~ d i v ( M H / H )  (1) 
H 

o 

and at conditions whieh must  be satisfied on the free surface y = F(x, y, z). These eonditions have the form 

F l + VF-v- = vy (2) 
p -  -? ~(~) - -  p+ = - -  2n  (M.n)  2 + a (R1-1 + R C  I) (3) 
B - . n  : H + . n ,  H-.- : H :  (4) 

Here,  n = ( -  Fx(1 + Fx 2 + Fz2) -1/2, (1 + Fx 2 + Fz 2)-1/2, _ Fz (1 + Fx 2 + Fz2) -1/2} is the normal  basis 
vec to r  to the free surface directed towards y > F, a is the surface tension coefficient, and R 1 and R 2 a re  
the principal radii of curvature  of the free surface,  

OF OF OF 
B = H + 4 ~ t M ( p , H ) ,  F t ~  0t ' F ~  0z " F : ~ - f l U  

the supersc r ip t  minuses denoting the values of the corresponding variables  at the surface from the d i rec-  
tion of the liquid, while the pluses denote these values at the surface from the nonmagnetic medium 
occupying the region y > F. 
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Condition (2) denotes  motion continuity of the liquid on the f ree  sur face ,  condition (3) a s s e r t s  that 
the normal  s t r e s s e s  on both sides of the f ree  su r face  a r e  equal, while condition (4 ) in su re s tha t  the no rma l  
components  of magne t ic  induction and the tangential  components of the magnet ic  field a r e  equal. 

We will m o r e o v e r  a s s u m e  that 

H+ I~=+oo = Ii0, t t  1~=_, ~ H~o = (H0~, H 0 ~ L  x, H0~) (5) 

at  a dis tance f rom the f r ee  Surface,  where  H0 is the applied field, and P~o is the value of the medium m a g -  
netic pe rmeab i l i t y  at  a dis tance f rom the f r ee  su r face .  

Thus H_-Hoo'=- Hi is the field induced in the magnet ic  due to its p rope r t i e s  as a ~liquid magnet"  
while H + - H  0 is the field induced in the space  over  the e l emen ta ry  magnet .  Our prob lem is an exampIe 
of the motion problem for  a magnet ized  medium in which neglect ing the induced field leads to known 

i n c o r r e c t  r e su l t s .  

We find by introducing the veloci ty  potential  ~ t ,  x, y, z) (v = Ar and the magnet ic  field potential 
r  x, y, z) (H=V6),  using Eq. (1), equations for  ~Pand �9 and the mot ion-equat ion integral  in the fo rm 

aq~ -- 0, Ar = --4ndiv {MV(I) / ] Vapl} (6) 
q0 t + 1/2 ((~x2 ~_ (~y2 + (~z 2) + g~ + (p A V ~(P)) / ~)-- (l / p) M d H  == C (t) 

Writing the in tegra l  (6) for  points of the f r ee  su r face  and el iminat ing p + r (P) f rom it by means  of 
condition (3) we obtain a s y s t em  of equations fo r  determining the functions F(t,  x, z), r x, y, z), r x, 
y, z), and r x, y, z) in the following fo rm:  

In the reg ion  y > F(t,  x, z) 

A~+ = 0, Vap+ [ y=+~ = tt 0 (7) 

In the region y < F(t,  x, z) 

h ~ = o ,  v ~ [ ~ = _ ~ = o  (8) 
Adp = --4ndiv {MV~_ / [VO_[}, V~_ [,~=-~ = H~ (9) 

We have the following conditions on the su r f ace  y = F(t,  x, z) by v i r tue  of Eqs.  (2), (4), and (6) 

F t = ~y - -  F~op~- - -  F~%- (10) 

Cu- (i + 4•M- / H-) --  (1)~ + = F,: [d).~- (1 + 4 n M - / H - ) - - O . , .  +} + F,{O~- (i + 4r iM-  / H- )  - -  d)_,+} (11) 

(1) x - - O ~  + + F ~ ( O  v--~pu+) = 0 ,  O~---O. + +F~ ((1), -- (1)%) = 0  (12) 

qo,- + ~/~ {(%- )~ + (%-)~ + (~,-)'~} + g F  + -~ ([r; ~ + R-;') - -  

__ i I M d H  2~ [ M ~2 ._  (I)~:-F~--r + F~2+F~')- '=0 (13) 
�9 - -~- \-if/ ( ~ - - -  

q~- ~-- q~ (t, x, F, z), O+~_~b+_ ( t , x , F , z ) ,  H- = IV@-  I 

where  the l i t e ra l  subscr ip t s  of r ~, and F denote par t ia l  de r iva t ives .  

Our  p rob lem in this mos t  comple te  fo rm contains a nonlineari ty  not only in the boundary condition, 
but a lso  in Eq. (9) fo r  the magnet ic  field,  the fo rm of the sur face  on which the boundary conditions a r e  
imposed  a lso  obeying the definition. These  facts  cause  significant ma themat i ca l  diff icul t ies .  

Below, we shall cons ider  a l i nea r  theory  of su r face  waves  in a magnet izable  liquid, i .e . ,  we will 
a s s u m e  that the wave ampli tude is sufficiently smal l  in compar i son  with its length 2~/k, so that the values 
IkF[ ,  IFxI, and IFzl a r e  l e s s  than unity.  We l inea r i ze  Eq. (9) and the boundary conditions (10)-(13), 
d iscarding f rom it t e r m s  of the second o r d e r  of s m a l l n e s s ,  a s suming ,  m o r e o v e r ,  that  the values of the 
induced magnet ic  f i e l d ] V ~ _ - H o o [  and I V~+-I~01 a r e  of the s a m e  o r d e r  as I kF ] .  

If we take into account  the fact  that  

4~M / H ~ 4nM~ / H~ + ~cooH~- (V(I)_ - -  Hoo) 

Vo~ = t + 4J tM~ / Hoo, c~ Ix~H~U ~ ~ - -  " - - '~  ~ 

we find f rom Eqs .  (7)-(13) the l inea r  equations 

A ~ +  = 0,  A(I)_ = - -  c ~ H ~ .  V(H~o.Vd)_) ,  Aq~ = 0 ~ (14)  

with the s ame  conditions at  infinity and with l inea r i zed  conditions on the su r face  y = F 
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Ft = ~v- (15) 

~= {~-~., + cooHo v Vo~-*H~ �9 (Vd)- - -  H~)}--  ~v  + - -  ( ~  - -  t) (F~tIo~ + FzHo~ ) = 0 

�9 ~- - -  cD~ + + F~Hov ( ~ , - i  _ 1) --  0, ~ -  _ (i)z+ + F~Hoy (~ - i  _ i) = 0 (16) 

( ~  
l)z g~ ((I)f - -  Ho,F~-- Ho:Fz) - -  (V.~o -- t ) ( ~  + c~tI~v) Hoo - (V(I)- - -  H~) = 0 ~Z 

We m a y  e x c l u d e  the  f o r m  of the  s u r f a c e  f r o m  the  b o u n d a r y  c o n d i t i o n s  by  m e a n s  of Eq .  (15) if  the  
r e m a i n i n g  c o n d i t i o n s  a r e  d i f f e r e n t i a t e d  w i th  r e s p e c t  to t i m e .  We o b t a i n ,  i n  p l a c e  of E q s .  (15) a n d  (16), 

~ {cbvt- + c~Hov~L ~ (H~.VOt-))  - -  O~,t + - -  (~t~ - -  1)(%,.~H0~ + ~yzH0~) = 0 

~ , t -  - -  r + + q~ v.~Hov (~to~-' - -  1) = 0, r - -  (0zt + + ~vzItov (~ o~-1 - -  i )  --  0 (17) 

(~o - Ip Hou ((D~t--Ho*%v--Hoz%v) _ (Vt -- t) ( ~  + co~Ho~ v) (H~ �9 V(I) -) == 0 cx 

F o r w a r d  s u r f a c e  w a v e s  a r e  d e s c r i b e d  by s o l u t i o n s  of Eq .  (14) of the  f o r m  
(I)+ = c + exp {-- kg + i (k.r)  + ia)t} + H0.r  
(1)_ = c- exp {k'g + i (k.r)  + io)t} + H ~ . r  

: (i(o / k) exp {ky + i (k.r)  + io~t} (18) 

k = (k,, k~), k = V k ~  + k? 
k' V- ' i f -  ic ~ H ~uH ~ 

" T  = I + c ~ H ~  ' A =_ i + c~H~, Hk ~ Itok k 

T h e s e  f u n c t i o n s  s a t i s f y  E q s .  (14) a n d  the  b o u n d a r y  c o n d i t i o n s  a t  i n f i n i t y  f o r  a n y  c "~, c - ,  a n d  w(k > 0, 
A > 0 ) .  

T h e  c o n s t a n t s  c + an d  c -  a n d  the  p h a s e  v e l o c i t y  ~ - w / k  of the  w a v e s  a r e  d e t e r m i n e d  f r o m  c o n d i t i o n s  
(17) by  s u b s t i t u t i n g  (18) in  t h e m ,  t ha t  i s  

c-  = ( ~  - l)  ( H ~  + ~Hh) (t + ~ ( 2 )  -* 
c + = c- - -  Hov (l - -  ~t~o -~) (19) 

( ~ - i ) ~  ~ ~ V ~ )  (Hk - -  Hr v 
~ =  ~o 2 -,,- 

w h e r e  ~0 ~ (g /k  + ~ k / p )  1/2 i s  the  p h a s e  v e l o c i t y  in  t he  a b s e n c e  of a m a g n e t i c  f i e ld .  

T h e  e n e r g y - f l o w  v e l o c i t y  of t h e s e  f o r w a r d  w a v e s  i s  g i v e n  by  

( ~ - - i )  *H~ H ~ ( ~ - - t ) ~  V ~  
~.h. 2 ~ ' ~n2 = ~ 

A n  a n a l y s i s  of E q s .  (18)-(20)  a l l o w s  us  to c o n c l u d e  tha t  

1. S u r f a c e  w a v e s  in  a m e d i u m  m a g n e t i z e d  a c c o r d i n g  to a n  a r b i t r a r y  t aw a r e  a c c o m p a n i e d  by  t r a n s -  
v e r s e  w a v e s  w i th  d e c r e m e n t  k ' ;  t hey  e x i s t  on ly  w h e n  # = ~(H, p) s i n c e  w h e n  # = # (p) ( l i n e a r  m a g n e t i z a t i o n )  

c:o v a n i s h e s  a n d  the  d e c r e m e n t  p '  b e c o m e s  r e a l .  

W e  h a v e  coo < 0 f o r  n o n l i n e a r  m a g n e t i z a t i o n  (OM/OH > 0, 32M/OH 2 < 0), so  tha t  the  r e a l  p a r t  of the  
d e c r e m e n t  is  g r e a t e r  in  n o r m a l  f i e ld  an d  l e s s e r  i n  a t a n g e n t i a l  f i e ld  t h a n  in  a m e d i u m  g o v e r n e d  by  a l i n e a r  
m a g n e t i z a t i o n  l aw .  C o n s e q u e n t l y ,  t he  m o r e  e x p r e s s e d  i s  the  m a g n e t i z a t i o n  n o n l i n e a r i t y  in  a n o r m a l  f i e ld ,  
t he  n a r r o w e r  w i l l  be  t h e  s u r f a c e  l a y e r  w h e r e  the  d i s t u r b a n c e s  a r e  c o n c e n t r a t e d ;  in  a t a n g e n t i a l  f i e ld ,  t he  
p i c t u r e  is  the  o p p o s i t e .  

2.  A f i e ld  t a n g e n t  to a n  u n d i s t u r b e d  f l a t  s u r f a c e  i n c r e a s e s  the  p h a s e  v e l o c i t y  of the  s u r f a c e  w a v e  if  
H k = (H 0 . k ) / k = /  0, i . e . ,  i f  t h i s  f i e l d  is  n o t  p e r p e n d i c u l a r  to the  ave  f r o n t ;  in  th i s  c a s e ,  ~he e n e r g y - f l o w  
w a v e  v e l o c i t y  a l s o  i n c r e a s e s  (if we n e g l e c t  the  i n f l u e n c e  of s u r f a c e  t e n s i o n ) ,  so  t ha t  the  e n e r g y  tha t  c an  be  
t r a n s m i t t e d  by  t h e  w a v e s  t h r o u g h  a v e r t i c a l  s u r f a c e  is  g r e a t e r  t h a n  in  a n o n m a g n e t i c  m e d i u m .  

3. A n o r m a l  f i e l d  d e c r e a s e s  the  p h a s e  v e l o c i t y  of t he  s u r f a c e  w a v e s  a n d  (if we n e g l e c t  s u r f a c e  t e n -  
s ion)  the  e n e r g y - f l o w  v e l o c i t y .  
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4. A no rma l  f ield des tab i l i zes  the f r e e  su r f ace  of a magne t i zed  m e d i u m .  When X b e c o m e s  i m a g i n a r y  
independent  of the  magni tude  and d i r ec t ion  of the wave  v e c t o r  k, the f r e e  su r f ace  begins to b e c o m e  uns tab le .  
It follows f r o m  Eq. (19) tha t  waves  p e r p e n d i c u l a r  to the tangent ia l  component  of the appl ied  field, i .e . ,  when 
H k = 0, a r e  the  m o s t  dangerous  f r o m  the s tandpoint  of the b reakdown of s tabi l i ty  of the f r ee  s u r f a c e .  In 
this  c a s e  the su r f a c e  can be c o n s i d e r e d  s table  only when 

H~ v ~ 8 ~  (~-~  (1 + ~ I f5  ") 

The  de - s t ab i l i z a t i on  effect  of  a f r ee  s u r f a c e  by a n o r m a l  f ield has  been  c o n f i r m e d  by a n u m b e r  of 
e x p e r i m e n t s  with f e r r o m a g n e t i c  l iquids  [2, 4]. 

If the s u r f a c e  y = 0 is an in t e r f ace  between two med ia  with dens i t ies  p+ and p - i s o t r o p i c a l l y  magne t i zed  
+ + 

a c c o r d i n g  to the laws P~ = Poo (p+, H_+), an ana lys i s  s i m i l a r  to the one p r e s e n t e d  above leads  to a s tabi l i ty  
c r i t e r i o n  fo r  this  i n t e r f ace ,  

H~y < [8~+~ ~t~ V ag (O- --  O +) (~ t+ ]/A--~ + bt~ VA-=)] [V A+A- ( ~  - -  9+)2]-1 

A + = t -t- c~ (H~) ~ = i + - ~  [\ OH 1~= i i + 

H e r e  the med ium with the minus  s u p e r s c r i p t  is below the med ium with the plus s u p e r s c r i p t .  

In fields H0y, in which a f iat  f r ee  s u r f a c e  is uns table ,  t h e r e  ex is t s  an equi l ib r ium f o r m  of a f r e e  
s u r f a c e  with a pe r iod ic  s t r u c t u r e  tha t  l i t t le  d i f fers  f r o m  y = 0. E x p e r i m e n t s  with a f e r r o m a g n e t i c  l iquid 
[4] have d e m o n s t r a t e d  the p r e s e n c e  of such a wavy  f r ee  su r f ace  in suf f ic ien t ly  l a r g e  n o r m a l  f ie lds .  

L e t  us de t e rmine  the f o r m  of such  a f r e e  s u r f a c e .  

F o r  the sake  of s imp l i c i t y ,  we will  a s s u m e  that  we a r e  deal ing with a p a r a m a g n e t i c  l iquid (M/H = 
(# - 1 ) /4~  = const)  and that  the appl ied field l i es  in the xy plane.  Then  if the f r e e  s u r f a c e  y = F(x), which 
l i t t le  di f fers  f r o m  the plane y = 0 is in equ i l ib r ium,  it will  follow f r o m  Eq.  (16) tha t  we m u s t  have 

IxcI)u- - -  cl)v + = ( ~  - -  i )  H o ~ ,  (I)~- - -  (I)~ + 4 ( f  1 - -  l )  F:~Yov = 0 
(22) 

~ F  ( ~ -  i)~ Ho~ , ( q ) C - - H o W ~ ) -  ~ - - i  (Z4o~ ( 9 - )  = 0 

w h e r e  the funct ion ~_+(x, y) sa t i s f i e s  the equat ions  

AO+ = 0 (23) 

We will  f ind the solut ions  of Eq.  (23) in the f o r m  

(P+ = e -uu (a + sin kx + b + cos kx) + Hoxx + Hoyg (24) 
(:I)_ : e ~v (a- sin kx + b + cos kx) + Hoxx + HovY~ -1 

We find if we sa t i s fy  the boundary  condit ions (22) that  

k : ko -t- ]/ko 2 - -  pga, a + = Aoa- - -  Bob-, b + : Boa- -~ Aob- 
F (x) ---- I~ {(I ~ --  l) Hov} -1 {(a- --  a +) sin kx + (b- - -  b +) cos kx} 

]% = (~t - -  1) ~ ( H ~ y  - -  ~ tH~x ) btH~x -- H02, (25) 

Bo I~H~176 

This  solut ion,  which sa t i s f i e s  al l  the  boundary  condi t ions  fo r  a r b i t r a r y  b- ,  and a -  will  ex i s t  if  

(t~ - -  i) ~ (H0~ e --  ~tH0~ 2) ~ 8~i~ (~ + l) Vpgcr (26) 

In this  c a s e ,  the phase  ve loc i ty ,  X, as  follows f r o m  Eq. (19), b e c o m e s  i m a g i n a r y  f o r  any k, and con-  

sequent ly ,  the f iat  s u r f a c e  y = 0 will  be uns tab le .  

The  cons tan ts  a -  and b -  o c c u r r i n g  in the funct ion Eqo (25) r e m a i n  undefined in this  a p p r o x i m a t i o n  of 
an unbounded l iquid.  If we a s s u m e  that  the l iquid is within a suf f ic ient ly  long and deep con ta ine r  (the length 
L and i ts  depth a r e  s ign i f ican t ly  g r e a t e r  than the wavelength ,  i .e . ,  t hey  a r e  on the o r d e r  of k -1) and the angle  
of contac t  of i ts  wal ls  with the l iquid is equal  to 0, the  cons tan ts  a -  and b -  will  be d e t e r m i n e d  f r o m  the 

condi t ions  
F~]~=0 = --ctg 0, F~[~=~ = ctg 0 
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In this case ,  we have f rom Eq. (25) 

F (x) ---- --k -1 ctg 0 {sin kx -}- ctg (kL / 2) cos kx} 

where  kL /2  ~= 2~n (n = 0, _+1 . . . .  ), s ince an independent resonance  instabi l i ty  of the sur face  begins .  

In the case  of a sa tu ra ted  e l emen ta ry  magnet  (M = M0 = const) the c r i t e r ion  (26) has the fo rm 
m20 (H0y 2-H0x 2) ___ 16 ~ ~v'~-~-~, when 4 ~M0/H 0 = m 0 << 1. 
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